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INTRODUCTION 
There are a Iot of physical and technical problems that need to calculate photon 
density distribution functions for the photon flow passing materials of different type. This 
flow can be described by a type of transport equations similar to the Boltzmann equation. 
Notwithstanding the huge number of equation types depending upon the particularities of 
the photon-matter interactions, the main properties oftheir trajectories are similar. 
Therefore it is possible to find a generalized model description for the photon trajectories 
which can be used to solve a large number of other problems. Specifically the following 
common properties may be noted for the propagation of gamma-photons, neutrons, Iight-
photons or others: 
• invariable velocity magnitude 
• continuous linear-segmented trajectories 
• change of moving direction due to scattering events at random time 
• random life time due to absorption 
• change of photon energy E at scattering time 
This paper deals with problems having the above mentioned properties to show the 
possibilities of the developed approach. The used theoretical methodology can be 
generalized to problems with properties not listed above. 
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MODEL DESCRIPTION 
The aim of this investigation is to develop a new method for the analytical 
simulation of scattered photon flow in homogeneous and non-homogeneous material. The 
proposed method is based on the description of photon trajectories by stochastic differential 
equations with Poisson noise disturbances. The statistical behavior ofthose processes can 
be described by using the theory ofMarkovian processes with random structure which is 
widely employed in automatic control theory [1, 2]. 
The proposed method consists ofthe description ofthe photon trajectory coordinates 
by stochastic differential equations with Poisson noise disturbances. Fig. 1 represents a 
possible realization for the coordinates x, y and the energy E of a photon trajectory fulfilling 
the properties mentioned in the introduction. The following denotations were used: xh x 2, x 3 
- Cartesian coordinates to mark the photon position at current time t; y1, y2 - angular 
coordinates of the velocity vector x ; c - magnitude of velocity vector; At = t- t 1 - time 
after the last interaction at time t 1 • The energy process E(t) and the angular coordinates 
y,(t) follow a step type process while the position coordinates X1(t) are of continuous type. 
To describe this type ofprocess a set ofstochastic differential equations offollowing type 
can be used: 
XI= al(yPy2) 
X2 =a2(yPy2) 
x3 = a3(y2) 
I 
y2 = Ia 21 ·8~-t 1 ) 
I 
.E =-IAB1 ·8~-t~) 
0 ~ f ~ fa 
a1 = cos y1 cos y2 a2 = sin y1 cos y2 a3 = sin y2 
(1) 
where the coordinates x are relative to the velocity magnitude c, the time of a scattering 
event is denoted by t 1 , 8~ -t 1) is the 8-function, ta gives the absorption time, a, and AB, 
are the increments for y and E at time 't 1 • Different types of this model can be obtained by 
introducing different properties for the values 't 1 , ta, a, and AB,. 
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Figure 1: Change oftrajectory coordinates in time. 
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For the above mentioned problern it is sufficient to take into account only two types 
of interactions between photons and matter: (i) absorption and (ii) scattering events. All 
other possible events are neglected in the present work but could be considered in a more 
general model using the same methodology. 
The absorption event at time ta is assumed to be an ordinary random event with the 
absorption cross section J.la(x,E) depending upon the photon energy. The scattering event 
at time 't 1 is assumed tobe a Poisson event with the scattering cross section J.l.(x, E). 
Scattering can be inelastic, which is known e.g. as Compton scattering for photons, 
or elastic, which is called Rayleigh process. In the inelastic case the particle ( e.g. the 
photon) loses a part of its energy given by M 1 and changes its moving direction for a.1, 
while there is no energy shift in the elastic case. These scattering processes can be 
described as follows: At time 't 1 of a scattering event the angular direction of the velocity 
vector is changed through randomly occurring jumps by the values a 1 = (a.pa. 2 ) 1 
( -7t ~ a Ja ~ 1t ). The random values of a 1 are assumed to be statistically independent of 
each other and can be described by the conditional probability density distribution (PDD) 
function q(a.IE)= q1(a. 1IE}q2 (a. 21E). The energy shift is given by a value M 1 which is 
independent of ~ (j * i) and may be dependent or independent on a.1• The above 
mentioned assumptions characterize a Markovian process (x,y,E), which describes quasi-
classical photon trajectories through a non-homogeneaus isotropic material. In this process 
the components of x are continuous variables while the components of y and E have a 
discontinuous character (see fig. 1). 
The solution of the stated problern can be found in two steps: In a first step, 
equations for the PDD function of a single photon are derived from equation 1. In a second 
step, a transport equation can be obtained for the photon flow. 
TRANSPORT EQUATIONS 
In the case of elastic scattering it is supposed that the functions f.la(x, E) are 
independent on the energy E. The equation for the PDD function for single photon 
COOrdinates, denoted by W = W(x,y,t), can be written as 
n 
W = -ZW- J.lcW + J.l. Jdy1dY2 W(x,y- y'}qi{y/)q2{y/) 
-n 
with the differential operator Z given by 
and the intensity J.lc = J.la(x)+ J.l.(x). The Kolmogorov-Feller equation 2 describes the 
situation for the interaction of a photon with non-homogeneaus material for constant 
photon energy. 
Ifthe photon source is assumed tobe ofPoisson type with the intensity l 0 (t) the 
photon coordinate density distribution (PhDD) function Vo(x,y,t can by obtained by 
convolution in time 
I 
V0 = fdt'·I0 {t') W(x,y,t- t' . 
0 
(2) 
3 I I 
Because the photon velocity is high compared to the maximum of the time 
derivation ofthe source intensity- max0<,<«> i0(t), the convolution integral can be replaced 
by a simpler expression 
00 
V0 = 10 {t)jdt· W(x,y,t)= 10 {t}V(x,y) 
0 
where V(x,y)= J;'dt· W(x,y,t) gives the PhDD function for a unit source / 0 = l. Under 
these conditions a transport equation can be derived for the PhDD function 
1t 
-ZV- f.!cV + f.!s Jdy1dy2 V(x,y- y'}q1{y/)q2(yz')= Wo. 
-· 
The above discussed model can not describe the change of the photon energy due to 
scattering. Therefore in a second step a more general model was developed which partially 
solves this problem. It is assumed that the photon trajectory can be subdivided into 
sequential states: The zero state, denoted by i=O, describes that part ofthe trajectory 
between the generation ofthe photon at time t=O and the first scattering event at t = -r1 • The 
first state characterizes the photon path from the first up to the second scattering event 
within the time interval -r1 < t:::;; -r 2 • In general, the state i describes the photon which has 
been scattered i times ( 't, < t :::;; 't ,+1 ). If it is supposed that the photon has in each state a 
fixed energy determined only by the number of the state, the following denotation can be 
introduced: f.!a(x,E)= f.!~>(x), f.!.(x,E)= f.!~'>(x) and q(v!E)=q<'>(v) wherethetop 
index indicates the state number and the above defined functions are changed regularly 
from state to state. The PDD function for the total process is given by the sum over all PDD 
functions for the process COOrdinates in the state i denoted by w< 1>(x,y,t). The partial 
functions w(l) can be obtained from the following equations 
1t 
w<'> = -zw<'>- f.!~'>w<'> + f.!~~-1 > Jdy1'dy2' w<~-1>(x,y- y' ,t}q1<1>(y1')q2<1>(yz') (3) 
-· 
for i = 1,2,-··. 
In the same way the equations for partial PhDD functions can be derived 
. 
ZV(I) + f..l~1 )V(I) = f..l~ 1-1 ) Jdy1'dyz' V(l-1)(x,y- y'}q/')(y1')q/1)(y2') 
-1[ 
The additional PDD function is given by the sum V(x,y,t)= 2:~0 v<~>(x,y,t). 
An additional description of the photon energy change due to scattering is to assume 
a step type variation with random independent decrements. This process can be formulated 
as follows 
E = - E . L ß 10 (t - 't I). 
This process is formed from the same Poisson flow with the energy dependent scattering 
intensity f.! s (x, E). The pulse amplitudes ß 1 are assumed tobe independent of ß 1 ( i "# j) 
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and ofthe values a. Additionally, for each state i a conditional PDD function p<•>(ßlx) is 
introduced for the values ofthe step decrements. Forthis case the following equation can be 
obtained for the partial PDD functions 
W(O) = -ZW(O)- J.l.c(x,E) W(O) 
"' " 
w<•> = -zw<•>- J.l.c(x,E) w<•> + fdE' fdy1'dy2'·J.t.(x,E+E)W<•-t>(x,y- y',E+E ,t)x (4 
0 ~ ) 
x q/'>(y,'ix,E + E')q2<•>(y2'!x,E + E'} E! E · i'{E ~ Elx). 
The corresponding equations for the partial PhDD functions can be found by convolution in 
time taking into account the initial condition W0 (x,y,E,t = 0)= W0(x,y}JJ;(E): 
zv<o> + J.l.c(x,E) v<o> = fVo(x,y)-Jf';(E) 
"' " 
zv<•> + J.l.c(x,E) v<•> = fdE' fdy1'dy2'·J.l.s(x,E+E')V<'-1>(x,y- y',E+E')x 
0 -lt 
Thus, the transport equations are obtained for the photon flow with initial energy 
distribution w; (E) in non-homogeneous material for the case of step type energy variation 
with random independent decrements. 
METROD FOR ANAL YTICAL SIMULATION OF PHOTON SCATTERING PROCESS 
Analytical simulation ofthe described problern can be subdivided into two steps. In 
a first step, the partial differential equations ofKolmogorov-Feller type have tobe solved 
which gives the PDD function W(x,y,E,t) forthe single photon coordinates. The method 
which is applied in the present work is known as method of integrating the equations for the 
probability moments described in [2]. This procedure for the solution of partial differential 
equations is based on the expansion ofthe PDD function into a series ofits probability 
moments. This transforms the partial differential equation for the PDD function into an 
infinite set of ordinary differential equations for the probability moments. The infinite 
system can be solved by numerical integration of a truncated system taking into account a 
finite number of probability moments to find an approximation for the PDD function 
W(x,y,E,t). In the second step, the photon density distribution (PhDD) V(x,y,E) for the 
photon flow can be obtained by convolution in time ofthe functions W(x,y, E,t) and 
10 (t). 
In distinction from the method used in automatic control theory [2], the proposed 
method contains the convolution Operation. This operation makes it possible to use a 
smaller number of probability moments because of smoothing due to the convolution 
operation. 
The PDD function for the photon coordinates W(x, y, E, t) is a non-normalized 
distribution because ofthe possible absorption ofphotons in the material. Therefore it can 
be introduced the photon survival probability P(t 
Jdx1dx2dx3 dy1dy2 dE W(x,y,E,t)= P(t)~ 1, 
(x,y,E) 
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where the integration space (x,y,E) includes the full space of existing variables. A 
normalized PDD function w(x,y,E,t) can be introduced by 
W(x,y,E,t)= P(t}w(x,y,E,t). 
The time derivation of the first order probability moment for the coordinate x1 ( or Jj) 
are defined by the following integral 
j= 1,2,3}· 
j=4,5 
According to this, the centered k-order probability moments are defined by 
S1,2, ,s(k,t)= Jdx1dx2dx3 dy1dy2 dE (x1 -mS'(x2 -~)"'{x3 -mS'' x 
(x,y,E) 
(5) 
5 
x {y1 -mS'(y2 -msf' w(x,y,E,t)- ~:>'11 ·3 1,2, ,s(k,t) (6) 
J=l 
The idea ofthe proposed method is to transform the Kolmogorov-Feller type 
equation for the function W(x, y, E, t) into a set of equations for the probability moments 
defined in (5) and (6). The accuracy ofthe solution is influenced by the choice ofthe 
number of moments and their order. 
After substituting eq. (2), (3) or (4) in the right side ofthe integrals (5) or (6) an 
infinite set of ordinary differential equations can be found for the probability moments. For 
the simulation procedure only a finite number of moments can be taken into account. 
Additionally it is assumed that only a finite number ofstates (i=1,2, ... ,M) contribute 
significantly to the PDD function W(x,y,E,t). Than the partial PDD functions 
w<'l (x, y, E, t; k) can by approximated by a finite number of probability moments [3] for 
any state. Finally the general solution for the non-normalized PDD function can be found 
M 
W(x,y,E,t)= Lp<'l(t)- w<'l(x,y,E,t;k), 
1=0 
which is the result for the first step of the simulation procedure. In the second step the 
PhDD function V(x, y, E) can be obtained by convolution in time. 
For an infinite homogeneous medium the scattering and the absorption cross section 
do not depend upon the coordinate x. lt was shown, that in this case the set of ordinary 
differential equations for the probability moments are closed for any order k. Therefore the 
probability moment up to the order k can be calculated exactly and the accuracy ofthe 
solutions for W(x,y,E,t) and V(x,y,E)respectively depends only on the value k. 
In the non-homogeneous case the equations for the probability moments become 
nonlinear and the set of equations is not closed. Then a closed set of differential equations 
for the probability moments can be derived by using a statisticallinearization procedure for 
multivariable functions described in [3]. Due to this, in the non-homogeneous case the total 
accuracy depends upon the value k and the approximation error according to linearization. 
To decrease this error the source beam can be divided into different partial narrow beams. 
After determining the PDD function for each partial beam the total result is given by 
superposition. This method yields to higher accuracy by decreasing the linearization error 
which depends on the number of partial beams. 
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RESULTS AND DISCUSSION 
The results, which will be discussed here, take into account the following 
assumptions: 
(i) the angle distribution q(a1E)=q1(a11E)·q2(a21E) is given by the Klein-
Nishina formula 
(ii) the change ofthe photon energy M, is given by the classical Compton 
description. 
These assumptions describe approximately the Compton scattering, but do not include the 
elastic scattering. 
In a first step, the results of the discussed model and of a corresponding Monte-
Cario calculations are compared for infinite homogeneous material (see fig. 2). It can be 
seen, that the used approximation taking into account only the first and the second moment 
yields results which are comparable with the quasi-exact Monte-Carlo calculation. The 
numerical expense is reduced by a factor of about 100 ( compared to 20 million 
realizations ). 
The second example given in fig. 3 shows the intensity distribution of the scattered 
radiation for steel plates using the developed analytical model and the Monte-Cario method. 
Fora small gap width (a) describing small flaws like cracks the distribution ofthe scattered 
radiation is nearly constant. Therefore it yields to a decrease of the contrast in the 
radiographic image. In most ofthese cases easy ray-tracing models considering the built-up 
factor are accurate enough for simulating radiographic testing. For bigger gaps (see fig. 3b 
and c) the image of sharp edges can be additionally influenced by the scattered radiation. In 
this case a more accurate description ofthe scattering effect is recommendable. 
analytical modcl 
... _ 
Monte-Cario model 
Figure 2: Comparison ofMonte-Carlo model an analytical model. 
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Figure 3: Distribution of scattered radiation for two steel plates with distances: 
(a) 2.5 mm, (b) 10 mm and (c) 20 mm. Comparison ofresults of 
analytical model (--) and Monte-Carlo model (0). 
The discussed examples show that the developed model can be used for the 
approximative description of the scattering process. An accuracy increase can be provided 
by taking into account a higher number of probability moments. The generalization of the 
model to describe other types of interactions can easily be done. A comparison of the model 
results with experiments are planed for near future. Due to the general formulation of the 
model the developed formalism is also applicable to other random processes with similar 
properties ( e.g. the imaging process using films, neutron flux in shielding). 
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